Abstract. Counterexamples to classification of purely infinite, nuclear, separable C * -algebras (in the ideal-related bootstrap class) and with primitive ideal space X using ideal-related K-theory occur for infinitely many finite primitive ideal spaces X, the smallest of which having four points. Ideal-related Ktheory is known to be strongly complete for such C * -algebras if they have real rank zero and X has at most four points for all but two exceptional spaces: the pseudo-circle and the diamond space. In this article, we close these two remaining cases. We show that ideal-related K-theory is strongly complete for real rank zero, purely infinite, nuclear, separable C * -algebras that have the pseudo-circle as primitive ideal space. In the opposite direction, we construct a Cuntz-Krieger algebra with the diamond space as its primitive ideal space for which an automorphism on ideal-related K-theory does not lift.
Introduction
The K-theoretical classification of simple, purely infinite, nuclear, separable C * -algebras-the Kirchberg algebras-in the UCT class was achieved in the early 1990s by E. Kirchberg and N.C. Phillips, [Kir94, Phi00] . For nonsimple, O ∞ -absorbing, nuclear, separable C * -algebras it depends heavily on the structure of the fixed primitive ideal space whether or not K-theoretical classification is possible. Apart from rather special cases, [Ben] , it remains an open question how strong assumptions are needed to ensure classification.
The classification of UCT Kirchberg algebras was preceeded by M. Rørdam's classification of the simple Cuntz-Krieger algebras, [Rør95, CK80] . Following this lead, an approach to the classification of purely infinite, nuclear, separable C * -algebras with finitely many ideals is to use the Cuntz-Krieger algebras as a guideline.
The classification functor in question is the ideal-related K-theory, encompassing the six-term exact sequences in K-theory induced by all extensions of subquotients. This functor is known to classify the purely infinite Cuntz-Krieger algebras up to stable isomorphism and independent of the structure of the primitive ideal space, [Res06] . However, this work left open the question of strong completeness. The approach is now to understand which properties of the Cuntz-Krieger algebras that enable its completeness and determine whether or not strong completeness is possible.
In this article, we achieve this for the remaining four-point primitive ideal spaces, namely the two spaces that can be represented by the graphs
In [MN12] , R. Meyer and R. Nest establish a UCT for KK X -theory and they define the bootstrap class B(X) in [MN09, Definition 4.11]. By [MN09, Corollary 4.13], a (tight) nuclear, separable C * -algebra A over X belongs to B(X) if and only if its (simple) subquotients A(x), x ∈ X, belong to the bootstrap class of J. Rosenberg and C. Schochet.
2.3.
Reduced concrete ideal-related K-theory. Let X be a finite T 0 -space. For x, y ∈ X, we write y → x whenever x = y, {x} ⊆ {y} and {x} ⊆ {z} ⊆ {y} implies that x = z or y = z. Moreover, we let {x} denote the smallest open set containing x, and we let ∂x = {x} \ {x}.
Definition 2.1 ([ABK14, Definition 3.1]). Let R denote the universal pre-additive category generated by objects x 1 , ∂x 0 , x 0 for all x ∈ X and morphisms δ from ∂x 0 to x 0 for all x ∈ X, and i 
whenever y = z n → · · · → z 1 = x and y = z ′ n → · · · → z ′ 1 = x. Here we choose the convention of composition f g of functions f and g as the map that sends t to f (g(t)). This is the opposite convention made in [ABK14, Definition 3.1], where the authors write the composition f g as the map that sends t to g(f (t)).
Definition 2.2. For a C * -algebra A over X, we let K red X (A) be the collection K 0 (A( {x})), K 0 (A( ∂x)), K 1 (A(x)) x∈X of abelian groups together with the group homomorphisms K 1 (A(x)) → K 0 (A( ∂x)) → K 0 (A( {x})) in the cyclic six term exact sequence induced by the short exact sequence A( ∂x) A( {x}) ։ A(x) for all x ∈ X and the group homomorphisms K 0 (A( {y})) → K 0 (A( ∂x)) in the cyclic six term exact sequence induced by the short exact sequence A( {y}) A( ∂x) ։ A( ∂x \ {y}) whenever y → x.
A homomorphism from K red X (A) to K red X (B) is a collection of group homomorphisms φ x0 : K 0 (A( {x})) → K 0 (B( {x})) φ ∂x0 : K 0 (A( ∂x)) → K 0 (B( ∂x)) φ x1 : K 1 (A(x)) → K 1 (B(x)) for all x ∈ X that commute with all the above maps. It is easy to verify that this in the natural way defines a functor K red X from the category of C * -algebras over X to the category of modules over R.
We call the functor K red X the reduced concrete ideal-related K-theory. This functor was originally introduced in [Res06] as reduced filtered K-theory inspired by the reduced K-web introduced by M. Boyle and D. Huang in [BH03] . This reformulation is from [ABK14] , where it also is called the reduced filtered K-theory. Definition 2.3 ([ABK14, Definition 3.5]). Let for an element x in X, DP (x) denote the set of pairs of distinct paths (p, q) in X to x and from some common element which is denoted s(p, q). An R-module M is called exact if the sequences
The notion of exactness of an R-module is inspired by K red X (A) being exact for all real rank zero C * -algebras A over X, [ABK14, Corollary 3.10]. Since K 0 (A(X)) is part of K X (A), it is clear for the concrete ideal-related Ktheory what it should mean that a morphism preserves the class of the unit. For the reduced concrete ideal-related K-theory, however, it is not generally the case, that K 0 (A(X)) is part of the invariant. For a C * -algebra A over X of real rank zero, we have an exact sequence (cf.
Thus every morphism between the reduced concrete ideal-related K-theory will induce a unique homomorphism on the level of the K 0 of the algebras, and we can ask that this homomorphism preserves the class of the unit (cf. [ABK14, Section 5]).
2.4. The target category of concrete ideal-related K-theory. For spaces with at most four points, the functor filtered K-theory defined in [MN12] is identical to concrete ideal-related K-theory. In fact, there are no known examples of finite spaces X over which they do not agree. For notational benefits, we use the definition of the category N T and the functor filtered K-theory given in [ABK13] . Let X denote a finite T 0 -space.
For C * -algebras over X, we let Σ 1 = Σ denote suspension, i.e., tensoring by C 0 (R), and let Σ 0 denote the identity functor. In [MN12] , R. Meyer and R. Nest construct for all Y ∈ LC(X) commutative C * -algebras R Y over X satisfying that KK * (X; R Y , −) is equivalent to K * (−(Y )) as functors of separable C * -algebras over X. Let N T denote the pre-additive category with objects LC(X) × {0, 1} and morphisms between (Y, j) and
We call an additive functor N T → Ab an N Tmodule. Equivalently, an N T -module is a (left) module over the category ring of N T , and we abuse notation by denoting this unital ring N T .
For a C * -algebra A over X, its filtered K-theory is the N T -module defined as KK 0 (X; Σ j R Y , A) (Y,j)∈LC(X)×{0,1} with the transformations induced by Kasparov product from the left by KK 0 (X; Σ k R Z , Σ j R Y ). For M a left or right N T -module, we let SM denote its suspension defined by SM (Y, j) = M (Y, 1 − j), and extend this to N T -morphisms in the obvious way.
Following [MN12] , we define for Y ∈ LC(X) the (left) N T -module P Y as
If we for Y ∈ LC(X) let e Y andē Y denote the class of the identity morphism in KK 0 (X; R Y , R Y ) resp. KK 0 (X; ΣR Y , ΣR Y ), it is easy to see that e Y andē Y are idempotents and that
We see that Q Y = e Y N T and SQ Y ∼ =ēY N T . For notational convenience, we will, e.g., write 123 instead of {1, 2, 3}, and M (123 1 ) instead of M ({1, 2, 3}, 1) for an N T -module M over a space X with 1, 2, 3 ∈ X.
Overview of results
In [Res06] , the second named author classified all purely infinite Cuntz-Krieger algebras up to stable isomorphism using the reduced concrete ideal-related K-theory (and using concrete ideal-related K-theory, of course) -this extended results of M. Rørdam and D. Huang. Although this in some way closed the Cuntz-Krieger algebra case, it raised many new question -some of them were already posted in the addendum of this article. One natural question is whether there is strong classification for the stable case -we say that a functor on a class of C * -algebras (over X) is a strong classification functor if every isomorphism on the invariant level lifts to an (X-equivariant) isomorphism on the algebra level. Another natural question is whether the classification generalizes to Kirchberg X-algebras in the bootstrap class B(X). A third natural question is how to obtain unital classification (for purely infinite Cuntz-Krieger algebras, or, more generally, for Kirchberg Xalgebras in the bootstrap class B(X)).
These three question turned out to be very closely related. In the papers [RR07, ER06, ERR13b] , it is shown that for purely infinite C * -algebras, strong classification for the stabilized algebras usually implies strong classification for the unital case -thus reducing the unital problem to lifting isomorphisms in the stable case.
E. Kirchberg has shown, that for separable, nuclear, stable, strongly purely infinite C * -algebras, every invertible ideal-related KK-element can be lifted to an isomorphism on the algebra level. In [Bon04, Res08, MN12, BK11] universal coefficient theorems have been provided for ideal-related K-theory over so-called accordion spaces (a finite T 0 -space X is called an accordion space if the symmetrization of the graph of X defined above is linear), thus providing a strong classification in both the stable and unital case for Kirchberg X-algebras in the bootstrap class B(X), over accordion spaces (using the functor K X -together with the class of the unit, in the unital case).
Moreover, [MN12, BK11] provide counter examples to classification for Kirchberg X-algebras in the bootstrap class B(X) for all finite T 0 -spaces X, that are not disjoint unions of accordion spaces. There are, up to homeomorphism, six such T 0 -spaces with 4 (or fewer) points. In the following, it will be convenient with notation for two of these space, therefore we let CSP = {1, 2, 3, 4} and S As mentioned above, if X is not the disjoint union of accordion space, then the condition about real rank zero in the theorem above cannot be dropped. Moreover, it has been shown in [ARR12] , that there is even a counterexample to classification, with a pair of stable Kirchberg CSP-algebras of real rank zero in the bootstrap class B(CSP). In [ABK13] , it is shown that for real rank zero C * -algebras over X with free K 1 , every isomorphism of the reduced concrete ideal-related K-theory can be lifted to an isomorphism of the concrete ideal-related K-theory in the case that X is a T 0 -space with at most 4 points. Also they show that the stable, real rank zero Kirchberg CSP-algebras in the bootstrap class B(CSP) with free K 1 are strongly classified by the reduced concrete ideal-related K-theory. If we combine this with the results mentioned above (in specific [ERR13b] and Theorem 3.1), then we get the following. This leads one to wonder whether concrete ideal-related K-theory is a strong classification functor for stable real rank zero Kirchberg CSP-algebras in the bootstrap class B(CSP) with free K 1 . Quite surprisingly, this turns out not to be the case -we can even get the counter example to be the stabilization of a purely infinite Cuntz-Krieger algebra, cf. Proposition 4.3. 
is purely infinite. The graph E can be chosen to be finite if (and only if ) M (x 1 ) and M ( x 0 ) are finitely generated, and the rank of M (x 1 ) coincides with the rank of the cokernel of
In [Ark13] , a phantom Cuntz-Krieger algebra is defined as a Cuntz-Krieger algebra that looks like a purely infinite Cuntz-Krieger algebra but is not isomorphic to a Cuntz-Krieger algebra. Because all the above classification results are external (as opposed to e.g. [Res06] ), we have the following. This completes in a very satisfactory way the picture of the classification for graph algebras and for Cuntz-Krieger algebras with at most 4 primitive ideals, and quite clearly points out that the correct invariant to use is not K X but rather K 
Counter example for CSP
In this section, we will consider the space CSP. The space CSP is considered in [Ben10, Section 6.2], and the modules over N T (and thus also K CSP (A)) is illustrated by the diagram
For notational convenience, we will use subscripts to denote where a morphism starts and superscript to denote where it ends -e.g., for a module M , r 10 120 is the homomorphism going from M (12 0 ) to M (1 0 ).
Also R. Bentmann proves in [Ben10, Section 6.2] a Universal Coefficient Theorem for a refined invariant F K ′ , and the N T ′ -modules (and thereby also F K ′ (A)) can be illustrated by the diagram
This implies with a result of E. Kirchberg ([Kir00] ), that every isomorphism between the refined invariants of Kirchberg CSP-algebras in the bootstrap class B(CSP) can be lifted to an CSP-equivariant isomorphism. In [Ben13, Section 3.10], R. Bentmann constructs a Cuntz-Krieger algebra O A that is tight over CSP such that the projective dimension of K CSP (O A ) is 2 (as an N T -module). The matrix A is given by Proof. We will now consider the projective module P = SP 234 from [Ben10, Section 6.2]. The individual groups are
For M , we can choose the generators of the groups in such a way that: Now, we let N = P ⊕ M , and define a family of automorphisms
as follows. For all Y ∈ LC(CSP) * , we let α 0,Y be the identity. For all Y ∈ {1, 2, 3, 4, 24, 34, 234}, we let α 1,Y be the identity. Moreover, we let α 1,1234 : Z ⊕ Z → Z ⊕ Z be given by the matrix 1 1 0 1 , • α 1,13 , clearly hold, since the cross terms in α 1,12 and α 1,13 get cancelled as the part coming from P in N (34 0 ), N (24 0 ), and N (1 1 ) is zero. This means that α is really an automorphism of the N T -module N = P ⊕ M .
We know that M = K CSP (O A ), P = K CSP (ΣR 234 ) and thus N = K CSP (ΣR 234 ⊕ O A ), and thus these can be extended to modules over N T ′ as the images under the refined invariant, cf. [Ben10]. With a slight misuse of notation, we also use M , P and N to denote these. Then from [Ben10, Definition 6.2.10 and Lemma 6.2.11], it follows that we have an exact sequence (4.1)
, it follows that these are both zero, and consequently, the sequence degenerates into two short exact sequences:
some a ∈ Z \ {0} then the quotient was cyclic).
The analogue sequence to (4.1) gives immediately, that P (4 \ 1 0 ) = Z and P (4 \ 1 1 ) = 0. The analogue sequence to (4.2) gives immediately, that the homomorphism from P (12 1 ) to P (4 \ 1 0 ) is an isomorphism-so we can choose the generators of P (4 \ 1 0 ) in such a way, that this isomorphism becomes multiplication by 1.
Since the refined invariant respects finite direct sums, we get N (4 
we see that we need to have that Proof. Let π : A ⊕ B → A be the projection onto the 1st coordinate and let ι : A → A ⊕ B be the inclusion into the 1st coordinate. These CSP-equivariant homomorphisms then induce surjective group homomorphisms λ 1 :
is commutative. Note that β 1 (γ) = α ⊕ id KCSP (B) and λ 2 (α ⊕ id KCSP (B) ) = α. By the commutativity of the diagram, we have that λ 1 (γ) is an endomorphism of F K ′ (A) that extends α. Since α is an automorphism of K CSP (A), by the Five Lemma, we have that λ 1 (γ) is an automorphism of F K ′ (A). Thus, λ 1 (γ) is an automorphism of F K ′ (A) that extends α which is a contradiction. For the last part of the lemma, if y is invertible in
−1 is an automorphism of K CSP (C) that does not extend to an automorphism of F K ′ (C). , the Kirchberg CSP-algebra A appearing in Lemma 4.1 is unique up to stable isomorphism and can be chosen to be a graph C * -algebra. By the same results, the Cuntz-Krieger algebra A appearing in Proposition 4.3 is unique up to stable isomorphism and can be chosen to be represented by a 8 × 8 matrix over the non-negative integers.
Preliminary homological algebra
The following definition is taken from [HS97, §I.8].
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Definition 5.1. Let R be a non-trivial ring with identity. Let M be a right Rmodule and let G be an abelian group. Then we can equip the abelian group Hom Z (M, G) with a (left) R-module structure as follows:
(rϕ)(x) = ϕ(xr), x ∈ M, r ∈ R, ϕ ∈ Hom Z (M, G).
It is an easy exercise to verify that this makes Hom Z (M, G) into a (left) R-module and Hom Z (−, −) into a bifunctor from the category of right R-modules and the category of abelian groups to the category of R-modules.
Definition 5.2. Let R be a non-trivial ring with identity. Let M be an R-module and let G be an abelian group. Then M ⊗ Z G is clearly a Z-module. But for each r ∈ R we can uniquely define a Z-module homomorphism by
By uniqueness we see, that for all r 1 , r 2 ∈ R we have
into an R-module and − ⊗ Z − into a bifunctor from the category of R-modules and the category of abelian groups to the category of R-modules.
Inspired by [HS97, Proposition I.8.1], we prove the following two propositions.
Proposition 5.3. Let R be a non-trivial ring with identity, and let e be a non-zero idempotent in R. Regard eR as a right R-module. Let M be an R-module, and let G be an abelian group. Regard Hom Z (eR, G) as an R-module as above. Then we have a functorial isomorphism
of abelian groups.
Proof. The proof of this proposition is quite similar to the proof of [HS97, Proposition I.8.1] (where e = 1). For each ϕ ∈ Hom R (M, Hom Z (eR, G)), we define
For each ψ ∈ Hom Z (eM, G), we define a map
is a Z-module homomorphism). Clearly, ψ ′ is a Z-module homomorphism, and for r ∈ R, r ′ ∈ eR and x ∈ M we have
Hence, ψ ′ is an R-module homomorphism. It is evident, that ϕ → ϕ ′ and ψ → ψ ′ are Z-module homomorphisms. Moreover,
)(e) = ψ(ex) = ψ(x) for all x ∈ eM . Moreover, for x ∈ M and r ∈ eR we have
)(e) = (r(ϕ(x)))(e) = (ϕ(x))(er) = (ϕ(x))(r).
is a Z-module isomorphism, with inverse ψ → ψ ′ . Functoriality is straightforward to check.
Proposition 5.4. Let R be a non-trivial ring with identity, and let e be a non-zero idempotent in R. Let M be an R-module, and let G be an abelian group. Regard Re ⊗ Z G as an R-module as above. Then we have a functorial isomorphism
Using the universal property for tensor products, for each ψ ∈ Hom Z (G, eM ), we define a unique Z-module homomorphism ψ
It is straightforward to check that ψ ′ is an R-module homomorphism.
Thus
Functoriality is straightforward to check.
Remark 5.5. Let R be a non-trivial ring with identity, let e ∈ R be a non-zero idempotent, and let G be an abelian group. Let, moreover, M be an R-module, and let φ : G → eM be a Z-module homomorphism. Then it follows from Proposition 5.4 (and its proof) that there exists exactly one R-module homomorphism φ G,e : Re ⊗ Z G → M such that φ G,e (e ⊗ g) = φ(g), for all g ∈ G.
It is immediate from the proof of Proposition 5.4, that φ G,e | e(Re⊗ Z G) surjects onto eM whenever φ is surjective, and that φ is injective whenever φ G,e | e(Re⊗ Z G) is injective. The converse statements do not hold in general. However, if eRe = Ze is a free group in one generator, then the converse statements also hold.
Remark 5.6. Let R be a non-trivial ring with identity, let e ∈ R be a non-zero idempotent, and let G be an abelian group. Let, moreover, M be a R-module, and let φ : eM → G be a Z-module homomorphism. Then it follows from Proposition 5.3 (and its proof) that there exists exactly one R-module homomorphism φ G,e : M → Hom Z (eR, G) such that
Surely, the existence is clear from this proposition (and its proof), but also the uniqueness is clear, since for φ G,e satisfying this we have for all x ∈ M and r ∈ R that (φ G,e (x))(er) = (r(φ G,e (x)))(e) = (φ G,e (rx))(e) = φ(erx).
It is immediate from the proof of Proposition 5.3, that φ G,e | e Hom Z (eR,G) is injective whenever φ is injective, and that φ is surjective whenever φ G,e | e Hom Z (eR,G) is surjective. The converse statements do not hold in general. However, if eRe = Ze is a free group in one generator, then the converse statements also hold.
Proposition 5.7. Let R be a non-trivial ring with identity, let e ∈ R be a non-zero idempotent. For each projective Z-module P (i.e., free abelian group), the R-module Re ⊗ Z P is projective. For each injective Z-module I (i.e., divisible abelian group), the R-module Hom Z (eR, I) is injective.
Proof. If 0 → L → M → N → 0 is a short exact sequence of R-modules, the induced sequence 0 → eL → eM → eN → 0 abelian groups is also short exact. Since Hom Z (P, −) is exact when P is projective, and Hom Z (−, I) is exact when I is injective, the results follow from the functorial isomorphisms of Propositions 5.3 and 5.4.
Proposition 5.8. Let R be a non-trivial ring with identity, let e ∈ R be a non-zero idempotent. If Re is flat as a Z-module (i.e., torsion-free abelian group), then for each Z-module G, the R-module Re ⊗ Z G has projective dimension at most 1. If eR is projective as a Z-module, then for each Z-module G, the R-module Hom Z (eR, G) has injective dimension at most 1.
Proof. Assume that Re is flat as a Z-module, and let P 1 P 0 ։ G be a projective resolution of G. Then Re ⊗ Z − is exact, so we have a short exact sequence of Z-modules
It is straightforward to show that this is indeed a short exact sequence of R-modules, and thus it follows from Proposition 5.7 that this is a projective resolution. Assume that eR is projective as a Z-module, and let G I 0 ։ I 1 be an injective resolution of G. Then Hom Z (eR, −) is exact, so we have a short exact sequence of Z-modules
It is straightforward to show that this is indeed a short exact sequence of R-modules, and thus it follows from Proposition 5.7 that this is an injective resolution.
Lemma 5.9. Let R be a non-trivial ring with identity. Let K L ։ M be a short exact sequence of R-modules, and let N be an R-module. Then the following holds:
Proof. This is a direct consequence of the long exact sequences for derived functors.
Lemma 5.10. Let R be a non-trivial ring with identity. Let M be a right R-module and let G be Z-module. Then the unique group homomorphism
g is an R-module homomorphism that is functorial in M and G. If M as a Z-module is finitely generated and free, then η M,G is an isomorphism.
Proof. Clearly, η M,G is a well-defined Z-module homomorphism that is functorial in M and G. The R-module structures on the domain and codomain of η M,G are given by Definitions 5.1 and 5.2. It is an easy exercise to verify that also with respect to the R-module structure, η M,G is a homomorphism and functorial in M and G.
Assume that M is finitely generated as a Z-module. It suffices to show that η M,G is an isomorphism of Z-modules, so we may assume that M = Z n . For n = 1, η Z,G is well-known to be an isomorphism. Since the functors Hom Z (−, Z) ⊗ Z G and Hom Z (−, G) are half-exact, they are also split-exact. By considering the split-exact sequence Z n−1 Z n ։ Z, an application of the Five Lemma yields that η Z n ,G is an isomorphism if η Z n−1 ,G is.
6. Real rank zero algebras over the pseudocircle S
2
In this section we will show that stable, real rank zero Kirchberg S , i.e., the missing part of Theorem 3.1. We will first need some preliminary homological algebra.
The following result is a direct consequence of [BM, Corollary 2.5] as (A, id A ) and (B, α −1 ) are liftings of K X (A)-in the sense of [BM] -and the desired equivalence is one implementing the equivalence of the two liftings.
Corollary 6.1. Let A and B be separable C * -algebras over X in the bootstrap class B(X). Assume that K X (A) consided as an N T -module has projective dimension at most 2, and that Ext
can be lifted to an equivalence in KK X (A, B).
Proposition 6.2 ([Ben13, Proposition 2])
. Let X be a T 0 -space with at most 4 points and let A be a separable C * -algebra over X. Then K X (A) has projective dimension at most 2 in the category of N T -modules.
In the rest of this section, we will consider the connected four point space S 1 2 . This space is considered in [Ben10, Section 6.3], and the filtrated K-theory is known to coincide with the concrete ideal-related K-theory. The K S 1 2 is illustrated by the diagram (6.1)
Unlike the other four-point spaces, there is not (yet) a refined invariant for which we have a general UCT over S 
vanishes for all Y ∈ LC(X) and all U ∈ O(Y ).
Clearly, the N T -module K X (A) is exact for any C * -algebra A over a finite T 0 -space X. If furthermore the C * -algebra A has real rank zero, then K X (A) is real rank zero like, and if A is a Kirchberg X-algebra then A has real rank zero if and only if K X (A) is real rank zero like, cf. [ABK13, Remark 3.9]. Proof. We need to make a projective resolution of M . First we examine the special structure of M . For i = 1, 2 and j = 3, 4, we have cyclic six term exact sequences
and because of the zeros in M , we have surjective homomorphisms M (j 0 ) → M (ij 0 ). Similarly, we can show that we have surjective homomorphisms
Thus if we have a N T -module homomorphism from an N T -module L to M that is surjective when restricted to L(1 1 ) → M (1 1 ) and L(2 1 ) → M (2 1 ), it will automatically be surjective on the whole of the even degree. Because of its special structure, we thus can get a projective object of the form
and an epimorphism φ from P to M .
The kernel P of φ satisfies, that P (Y ) is a free abelian group for all Y ∈ LC(S 1 2 ) * . Moreover, since P (3 1 ), P (4 1 ), P (134 1 ), P (234 1 ), P (123 0 ), P (124 0 ), P (1 0 ), and P (2 0 ) are zero, the same holds for P . Consequently, we can get a projective object of the form
and an epimorphism φ ′ from P ′ to P such that the homomorphisms P ′ (13 1 ) → P (13 1 ),
, and P ′ (2 0 ) are zero. We now construct a projective object of the form
and an epimorphism φ ′′ from P ′′ to P ′ . Let P ′′′ denote the kernel of φ ′′ . From Proposition 6.2 it follows that M has projective dimension at most 2, and thus P ′′′ is actually a projective object, and we have a projective resolution:
From Remark 5.5 it follows that Hom N T (P ′′ , SN ) is completely determined by the homomorphisms Proof. If G is a projective Z-module, then N T e ⊗ Z G is exact since − ⊗ Z G is an exact functor. If G is injective, then Hom Z (eN T , G) is exact since Hom Z (−, G) is an exact functor.
Using this, we now prove the general case. Let P 1 P 0 ։ G be a projective resolution of G, and let G I 0 ։ I 1 be an injective resolution of G.
If the group N T e is torsion-free, then N T e⊗ Z − is an exact functor of Z-modules. As in the proof of Proposition 5.8, we see that
is an exact sequence of N T -modules. By Lemma 6.4, we have that N T e ⊗ Z G is an exact N T -module.
If the group eN T is a free abelian group, then Hom Z (eN T , −) is an exact functor of Z-modules. So similarly we conclude that
is an exact sequence of N T -modules and thereby that Hom Z (eN T , G) is an exact N T -module.
Observation 6.7. We will be considering N T -modules over S 1 2 of the forms
for certain Y and Z. We note the following about some of the latter form. Let M be a right N T -module over S 1 2 , and let
is finitely generated and free for all Y, V ∈ LC(S 1 2 ) to compute Hom Z (S i Q V , Z), we observe the following symmetry over S 1 2 :
as N T -modules for all i ∈ {0, 1}, j ∈ {3, 4}, and k ∈ {1, 2}. Proof. We proceed in several steps to reduce to a case covered by Lemma 6.5.
First we show that is suffices to establish that Ext 2 N T (M, SM ) = 0 for all exact, real rank zero like N T -modules M with M (3 1 ) = 0. Define K = SP 3 ⊗ Z M (3 1 ) and note that by Lemma 6.6, K is an exact N T -module since SP 3 = N Tē 3 . Furthermore, K is isomorphic to Hom Z (SQ 123 , M (3 1 )) by Lemma 5.10 and Observation 6.7. So by Proposition 5.8, K has projective and injective dimension at most 1. By Remark 5.5, we may uniquely extend the identity map on M (3 1 ) to an N T -homomorphism K → M . We now prove that this map K → M is a monomorphism, i.e., that each of the maps are injective when we look at the diagram (6.1). By construction, it is enought to check that the maps from M (3 1 ) to M (Y 1 ) are injective for all Y ∈ {134, 234, 1234, 13, 23, 123}. Since M is real rank zero like and exact, this is evident using the exactness of six-term sequences in M where the maps occur. Since M and K are exact and real rank zero like, we have a short exact sequence K M ։ L where L is exact and real rank zero like and L(3 1 ) = 0 (cf. Lemma 6.4). By Lemma 5.9, Ext Assume that M is exact with M (3 1 ) = 0 and M (4 1 ) = 0, and consider now the exact N T -module K = SP 134 ⊗ Z M (134 1 ). By Lemma 5.10 and Observation 6.7, K is isomorphic to Hom Z (SQ 1 , M (134 1 )). So by Proposition 5.8, K has projective and injective dimension at most 1. Extend the identity on M (134 1 ) uniquely to an N T -homomorphism K → M (cf. Remark 5.5). We note that the map K → M is a monomorphism, i.e., that each of the maps are injective when we look at the diagram (6.1). By construction, it is enough to check that the maps from M (134 1 ) to M (Y 1 ) are injective for all Y ∈ {1234, 13, 14, 123, 124, 1}. Using that M is exact with M (3 1 ) = 0 and M (4 1 ) = 0, it is easy to check for all these maps but M (134 1 ) → M (123 1 ) and M (134 1 ) → M (124 1 ) that they are injective. We show that M (134 1 ) → M (123 1 ) is injective, the other case is analogous. First note that the commutativity relations say that the map M (134 1 ) → M (123 1 ) is equal to both i Assume that M is exact with with M (3 1 ), M (4 1 ), M (134 1 ), and M (234 1 ) vanishing. Define L = Hom Z (Q 1 , M (1 0 )) and note that by Lemma 6.6, L is exact. Furthermore, L is isomorphic to P 134 ⊗ Z M (1 0 ) by Lemma 5.10 and Observation 6.7. So by Proposition 5.8, L has injective and projective dimension at most 1. By Remark 5.6, we may uniquely extend the identity on M (1 0 ) to an N T -homomorphism M → L. We now prove that this map M → L is an epimorphism, i.e., that each of the maps are surjective when we look at the diagram (6.1). By construction, it is enough to check that the maps from M (Y 0 ) to M (1 0 ) are surjective for all Y ∈ {134, 1234, 13, 14, 123, 124}. Because M is exact and has certain groups vanishing, this is evident from the exactness of certain six-term sequences. Since M and L are exact and real rank zero like, we have a short exact sequence K M ։ L where K is exact and real rank zero like (cf. Lemma 6.4). Note that K(3 1 ), K(4 1 ), K(134 1 ), K(234 1 ), and K(1 0 ) vanish. By Lemma 5.9, Ext Assume that M is exact with M (3 1 ), M (4 1 ), M (134 1 ), M (234 1 ), M (1 0 ), and M (2 0 ) vanishing. Consider the exact N T -module L = Hom Z (Q 123 , M (123 0 )), and note that it is isomorhic to P 3 ⊗ Z M (123 0 ) by Lemma 5.10 and Observation 6.7. By Proposition 5.8, L has injective and projective dimension at most 1. Define an N T -homomorphism M → L by uniquely extending the identity on M (123 0 ) using Remark 5.6. We now prove that this map M → L is an epimorphism, i.e., that each of the maps are surjective when we look at the diagram (6.1). By construction, it is enough to check that the maps from M (Y 0 ) to M (123 0 ) are surjective for all Y ∈ {3, 134, 234, 1234, 13, 23}. But since M is exact and has certain groups vanishing, this is evident from certain six-term exact sequences for all maps but the maps M (134 0 ) → M (123 0 ) and M (134 0 ) → M (124 0 ). We show it for the former, the latter is analogous. First note that the commutativity relations say that the map M (134 0 ) → M (123 0 ) is equal to both i 
